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Abstract 

A set of vertices of the g-ary n-dimensional Hamming space is called a distance-2 MDS 
code if it has exactly one element in intersection with every line. By an isotopism we mean 
an isometric transformation of the Hamming space that independently permutes the symbols 
in every coordinate but does not change the coordinate order. A set M of vertices is called 
transitive if its automorphism group (i.e., the stabilizer of M in the space isometry group) 
acts transitively on M. A set M is called isotopically transitive if its autotopy group acts 
transitively on M. We call a set M topolinear (propelinear) if it can be equipped with a group 
operation whose left multiplication can be always extended to an isotopism (respectively, a 
space isometry). 

It is proved that if the arity is even > 2 or divisible by a square of prime, then there exists 
a quasi-exponential (more tightly, exponential with respect to the square root of the space 
dimension) number of topolinear and, as a corollary, propelinear and isotopically transitive 
MDS codes. The set of isotopically transitive MDS codes in the 4-ary Hamming space is 
characterized. 

Keywords: MDS code, propelinear code, automorphism group, transitive code. 

We consider the one-error-detecting codes with the same parameters as the parity-check 
code, denned by the only check relation x\ + . . . + x n = over an arbitrary alphabet (equipped 
with a group structure). While the parity-check code is unique, there are a lot of nonequivalent 
codes with an alternative group, so-called propelinear [7], structure. We will show that their 
number is at least exponential for some nonprime cardinalities of the alphabet. In Section [1] we 
give definitions and some preliminar results; in Section [2] we consider examples of some related 
algebraic structures, so-called G-loops; in Section [3] we propose a construction of propelinear 
codes by composition; in Section [5] we consider a direct construction using quadratic functions. 



1. Preliminaries 

Let Q q be a finite set of cardinality q; for convenience, we assume that £ Q q . The set Q™ of 
n-tuples from Q q with the Hamming distance is called a q-ary n- dimensional Hamming space. 
An isotopism is a transform x h-> rx, where x = (x%, . . . ,x n ) 6 Q™, Tx = (t%xi, . . . ,T n x n ), 
Ti £ S q are permutations of Q q , i £ {1, . . . ,n}. A parastrophism is a transform x \— > x e , where 
x £ = (x £ -ii, . . . ,x £ -i n ), e £ S n is a coordinate permutation. Denote A e = {x e \ x £ A}, tA = 
{rx I x £ A}. Define the group of autotopisms 1st (A) = {f \ tA = A} and the group of 
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parastrophisms Prs(^4) = {e | A £ = A}, which map A C Q" to itself. It is well known that 
the group of isometries of Q q is a semidirect product Ist(Qg) X Prs(Q"). The subgroup of the 
isometry group of Q q that maps A C Q™ to itself will be denoted Aut(^4). We will say that two 
subsets A and B of Q q are equivalent if i? is the image of A under some isometry of the space. 

A set A C Q q is called transitive if for every two vertices x,y from ^4 there exist a paras- 
trophism e £ Prs(Q") and an isotopism r £ Ist(Qg ) such that r(x £ ) = y and t(t4 £ ) = A; i.e., the 
group Aut(^4) acts transitively on A. We call a set vl C Q q isotopically transitive if Ist(^4) acts 
transitively on A. Clearly, we can fix one vertex in the definition of the (isotopic) transitivity. 
In what follows we assume that the all-zero tuple belongs to A and x will be fixed by 0. Note 
that for q = 2, the isotopically transitive sets are exactly the affine subspaces of Q% , considered 
as a vector space over GF(2). A set A C Q™ is called propelinear [7] if Aut(A) includes a regular 
subgroup, i.e., a subgroup of Aut(vl) of cardinality \A\ that acts transitively on A. We call a set 
A C Q™ topolinear if Ist(vl) includes a regular subgroup Ga- 

The following statement is straightforward from the definitions. 

Proposition 1. A set A C Q q , 6 A, is propelinear with regular subgroup Ga < Aut(A) if 
and only if 

1) for every a £ A there exist a unique <p a £ Ga such that (p a (0) = a; 

2) for every a,b £ A the composition ip a ■ ipi, belongs to Ga- 

A known and simple fact is that the propelinearity of a set is equivalent to the existence of 
a group over the set that is "in agree" in the right argument with the metric. 

Proposition 2. A set A C Q q , £ A is propelinear if and only if A can be accompanied by a 
binary operation * : A 2 — > A satisfying 

1) if f' a (x) = a* x, then cp' a can be expanded to an isometry tp a £ Aut{Q r q l ); 

2) a * = a; 

3) * is an associative operation. 

A similar characterization (with replacing Aut(Q") by Ist(Q™)) takes place for the topolinear 
sets. 

Let A be a subset of Q™ . By a subcode R of A, we will mean a subset Qq~ m obtained from 
A by fixing m coordinates. 

Proposition 3. 

1) The subcodes of an isotopically transitive set are isotopically transitive. 

2) The subcodes of a topolinear set are topolinear. 

Proof. 1) Let A C Q™ be an isotopically transitive set. Without loss of generality we can 
assume that R = {(x 1 , . u ,x n _ m ,0, ... ,0) | (x\, . . . ,x n _ m ,0, . . . ,0) £ A}. Let r = (n, . . . ,r n ) £ 
Ist(^4), x £ R and Tx = 0. Then r n _ m+ i(0) = . . . = T n (0) = 0; hence, r £ Ist(i?). 

2) is similar. ▲ 

For two sets A C Q™ and B C Qp, their Cartesian product A x B C Q™ q is defined as 
A x B = {((ai,6i), . . . , (a n ,b n )) \ (a 1 , ...,a n ) £ A, (h, . . . , b n ) £ B}. 

Proposition 4. Let A C Q™ and B C are isotopically transitive (topolinear) sets. Then the 
set A x B C Q™ 9 is isotopically transitive (topolinear). 

For the transitive sets in general, similar statements (Propositions [3] and H|) do not hold. 

A set M C is called an MDS code (with code distance 2) of length n if \M\ = q n ~ l and the 
distance between any two different code vertices is at least 2. A function / : Q™ — > Q q is called 
an n-ary quasigroup of order q if f(x) ^ f(y) holds for every two neighbor vertices x, y £ Q q 
(d(x,y) = 1). It is not difficult to see that every MDS code M C Q q +1 can be represented 
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as the graph of some n-ary quasigroup. Moreover, for every two quasigroups / and g the set 
{(x,y) | f(x) = g(y)} is an MDS code. We call an n-ary quasigroup transitive (topolinear) if its 
graph is a transitive (topolinear) MDS code. n-Ary quasigroups are equivalent if their graphs 
are equivalent. Clearly, two equivalent n-ary quasigroups are or are not transitive (topolinear) 
simultaneously. 

It is easy to see that every group is a topolinear 2-ary quasigroup. If there exist an element 
o G Q q such that f(x, o) = f(o, x) = x for every x £ Q q , then the 2-ary quasigroup / is called a 
loop and o is called an identity element. Trivially, a loop has only one identity element. 

Two binary quasigroups (loops) / and g are called isomorphic to each other if f(x,y) = 
t~ 1 g(rx,ry) for some permutation r : Q q — > Q q . A loop / is called a G-loop if every loop 
isotopic to / is isomorphic to /. 

Proposition 5. A loop is isotopically transitive if and only if it is a G-loop. 

Proof. Let / be a G-loop. Without loss of generality assume is its identity element. 
Consider arbitrary o, b S Q q . To find an autotopism that sends (0,0) to (a, b), we will firstly 
choose an isotopism of / to a loop /" with identity element such that (0, 0) is mapped to (a, b); 
and then, we will apply an isomorphism of /" to /. 

Take arbitrary permutations £ and ip of Q q that send to a and, respectively, b; and take an 
arbitrary permutation (p that sends /(a, b) to 0. To be definite, let £, tp, ip be the transpositions 
that interchange and a, and b, /(a, b) and 0, respectively. Denote f'(x,y) = (pf(£x,ipy), 
£ x = f'(x,0), and ip y = f'(0,y). Then f"(x,y) = f'^x^^y) is a loop with identity 
element 0. By the definition of a G-loop, we have f(x,y) = r _1 /" (rx,ry) for some r. Since r 
must send the identity element of / to the identity element of /", it fixes 0. Finally, f(x,y) = 
T^ 1 (ff(^Q 1 Tx,ip\ljQ 1 Ty), where ^o" 1 t0 = a, ipipQ rO = b. So, we have found an autotopism 
that sends (0,0) to (a, b); hence, / is isotopically transitive. 

Now assume that / is an isotopically transitive loop with identity element 0. Consider and 
arbitrary isotopism r such that rf is a loop. Without loss of generality we may assume that is 
the identity element of Tf (otherwise we consider an isomorphic loop satisfying this condition) . 
Denote by (a, b) the preimage of (0, 0) under r. By the definition of isotopical transitivity, there 
is an autotopism W of f that sends (0, 0) to (a, b). Then, TW is an isotopism of / to rf that fixes 
(0, 0). Since is an identity element of both / and rf, such isotopism must be an isomorphism. 
Hence, / is a G-loop. ▲ 

As shown in [8], if g is prime, then every G-loop of prime order is a cyclic group; a similar 
result for order 3p, p > 3 prime, was established in [5]. On the other hand, non-group G- loops 
are known to exist for all even orders lager 5 and all orders divisible by p 2 for some p > 2 [3] . 

2. G-loops: examples 

Let us consider some examples of groups and G-loops of order 2p, which will be used in the 
construction in the next section. We set Q2 P = {Oo, lo, • • • , (p — l)o, 0i, li, . . . , (p — l)i}. 

1. The group Z p x with the operation x^ + = (x + 2/) (£©£)• 

2. The dihedral group D p with the operation x^oy^ = ((— Vpx + £/)(£©£)■ 

3. The loop C p with the operation x^*y^ = ((— Ipx + y + C£)(£e£) 0* 
Here + is the modulo p addition, © is the modulo 2 addition. 
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Proposition 6. The loop C p is isotopically transitive. 

Proof. The statement is a direct consequence of Proposition [5] and the fact that C p is a 
G-loop |9j, but we will give explictite formulas. Consider a sequence of automorphisms of the 
MDS code M = {(x^,y^, z^) \ x^ * y^ = z^}, which send an arbitrary vertex (a a , bp, c 7 ) £ M to 
(0o,0o,0 ). 

^ ((~ l f x + CP)o y^y^p, Zip^z^p. (i) 

To prove that (P) is an autotopism of M, we use the equality /3{— l)^®! 3 + £ © f} = £. The 
autotopism (pTJ) sends (a Q ,,6 J g,c 7 ) to (a' a , bo, c^^p), where a' = (— l)"a + a/3. 

x ( ^(x- (-l) Cea a') C , % -> (l/ - % z^^(z- (-l)^a' - % (2) 
The autotopism (J2j) sends (a' a , bo, c^p) to (0 a ,0o,0 a ). 

((-i) a x)c.®a, yt !-»• ((-i) a y - a£)e, !-»• ((-i) a ^ ea - (3) 

To prove that (JSj) is an autotopism of M, we use the equality a © C — a = (— l) a C- The 
autotopism © sends (0 Q ,Oo,O a ) to (0o,0o,0o). A 

The group generated by the autotopisms (P), ([2]), ([3]) with all possible a,b £ Q p , a,(3 £ Q 2 
will be denoted by IC p . 

Proposition 7. Let M C be an isotopically transitive MDS code. Let G < Ist(M) be 
an isotopism group that acts transitively on M and satisEes the following condition: for every 
t, 7T £ G the equation t(0) = 7r(0) implies ir\ = t%. Then M is topolinear with regular group G. 

Proof. Consider a = ttt^ 1 £ G. By the hypothesis, <ti = id and er(0) = 0. Let us show 
that Oi = id. For every b{ £ Q q there exists b\ £ Q q such that b = (b\, 0, . . . , 0, \, . . . , 0) £ M. 
Then, a(b) = (bi, 0, . . . , 0, ai(b{), . . . , 0) £ M. By the definition of an MDS code, we have 
o~i{bi) = bi. Hence, r = it; i.e., the subgroup G is regular. ▲ 

Applying Proposition [7] to the group G = IC P and the second argument, y, of C p , we can 
see the following: 

Corollary 1. The loop C p is topolinear. 

3. Composition 

If o is a group operation over Q q , then an n-ary quasigroup f{x\, . . . , x n ) = X\ o . . . o x n is known 
as an iterated group. 

Proposition 8. An iterated group is a topolinear quasigroup. 

Proof. Let • be a group operation. On the set M = {x £ Qi 1 | x\ x n = 0}, we define 

the operation x * y = (x\ o y u y^ 1 o x 2 o y x o y 2 , . . . , o • • • o y^ 1 o x n o y x o ■ ■ ■ y n ). It is not 
difficult to show that the operation * meets the hypothesis of Proposition [2j ▲ 

The following is straightforward from the definition of an iterated group. 

Proposition 9. Let h be an m-ary iterated group. Then 

1) for every b £ Qq satisfying h{b) = there exists an isotopism 9 such that 8b = and 
h(9z) = h(z); 

2) an MDS code M = {(x,z) \ x = h(~z)} satisfies the hypothesis of Proposition^ 
The following lemma generalizes [6l Proposition 8]. 
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Lemma 1. Assume that 

a) hi, i G {1, . . . , n}, are mi-ary iterated groups; 

b) / is an isotopically transitive n-ary quasigroup with the autotopy group Gf, 

c) for every i G {1, . . . , n} and a £ Gf there exists an isotopism t$ G S Hi such that hi (jiZl) = 
Gih(zj), where ~zl is a tuple from ni variables. 

Then the m-ary quasigroup f(hi(z\), . . . , h n (~z^)), where m = m\ + . . . + m n , is isotopically 
transitive. 

Proof. Consider an arbitrary tuple bo, b\, . . . , b n satisfying /(/ti(fei), . . . , h n (b n )) = bo. There 
exists an isotopism a £ Gf such that aobo = and aihi(bi) = for all i € {1, ... , n}. We have 

vofih^Tizi), h n (T n z^)) = o- f{o-ihx(zT), o- n h n (z^)) = f(hi(zi), . . . , h n (z^)). 

So, we have got an isotopism that sends bo,b%, . . . ,b n to 0,Tibi, . . . ,T n b n . 

By Proposition [9l for every i G {1, . . . ,n} there exists an isotopism Oi such that Qijibi = 
and hi{9{zi) = hi(~Zi). So, we have got an isotopism that sends 0, fi&i, . . . ,T n b n to 0. ▲ 

Theorem 1. Let f be the loop C p or an n-ary quasigroup obtained by iterating the group 
Z p x Z2; and let the rrii-ary quasigroups hi, i G {1, . . . , n} be iterated D p . Then the MDS code 
M = {(x, zx, . . . ,~z^) I x = /(/ii(zT), . . . , h n (z^))} is isotopically transitive. 

Proof. It is sufficient to check that the hypothesis of the lemma are satisfied. Conditions 
a) and b) come from Corollary [H Proposition [HI Consider the case of / being C p . For the 
autotopisms ©, d3j (Proposition [6|) and the group D p , the condition c) of the lemma is 
checked directly. 

The case when / is an iterated Z p x Z2 is similar. As follows from Propositions [7] and (H the 
MDS code M is topolinear in this case. ▲ 

Corollary 2. For every integer p > 2, the number of mutually nonequivalent topolinear N-ary 
quasigroups of order 2p growths at least as 4jV 1 ^ e 7r v /2Af / 3 (l + o(l)). 

Proof. As follows from the theorem on canonical decomposition of an n-ary quasigroup [2], 
two MDS codes M, M' obtained from different sets {mi, . . . , m n }, {m'i, . . . , m' n ,} as in Theorem[T] 
are nonequivalent. So, (permutably) nonequivalent partitions N = mi + . . . + m n lead to 

nonequivalent codes. The number of nonequivalent partitions is known to be 

0(1)) m- a 

4. Topolinear codes from quadratic functions 

In this section we consider Let q = p k , where p is prime. We will assume that Q q is equipped 
with the structure of the field GF(p k ) and that Q„2 = Q q x Q q consists of the pairs (a, b) of 
elements of Q q . Let 

n n 
v(x\, . . . , X n ) — ^ OtijXiXj -\- ^ Pi (Xi), 
i,j=l i=l 

where : Q q — > Q q are arbitrary functions. 

Theorem 2. Assume that the set M C Q n 2 is defined by the following equation system 

(<*,,*)....,<*.,*» *.>-a 

Then M is a topolinear MDS code. 
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Proof. We will firstly prove that M is an MDS code. It is sufficient to show that arbitrarily 
fixing n — 1 coordinates uniquely defines the remaining coordinate of a vertex from M. Indeed, 
the first equation defines the remaining xf, the second equation, y,. 

Without loss of generality we assume that G M and /3j(0) = for every i £ {1, . . . , n}. Now 
establish the isotopical transitivity of M. Let ((a±, b{), ■ ■ ■ , (a n ,b n )) G M, a*, b, L £ Q™. Then the 
isotopism 

((xx,yi),...,(x n ,y n )) -)• ((cri(xi),ri(yi)), . . . , (a n {x n ),T n (y n ))) : 

O'ii.Xi) — Xi Q>ii 

n n n 

Ti(Vi) = Vi + Xi ^ a ij a j + x i "J' -?' ~~ ~~ ^ + ~~ ^2 a ij a J a i 

j=l j=l j=l 

belongs to the group Ist(M) and sends ((ai,&i), . . . , (a n ,b n )) £ M to ((0, T\bi), . . . , (0, T n b n )) £ 
M. The isotopism o-[(xi) = Xi, r-(yi) = yi—c\ is contained in Ist(M) and sends ((0, ci), . . . , (0, c n )) G 
M to 0. 

By Propositions [7] and [9J M is topolinear. A 

It is easy to see that nonequivalent quadratic forms ^ • a^XiXj result in nonequivalent MDS 
codes. 

Let M C Q™ 2 be an MDS code constructed in Theorem [2j As follows from Proposition [HI 
for every n, s > 2, there is a topolinear MDS code M £ Q™ generated by some (say, the cyclic) 
group of order s. By Proposition [H MxSc Q n 2 x Q« — Q n 2 is a topolinear MDS code. Then 
Theorem [2] gives the following lower bound on the number of topolinear MDS codes. 

Corollary 3. Let q = p k , where p is prime and s > 1. Then Q n 2 includes at least g(2)( 1 +°( 1 )) 

q s 

mutually nonequivalent topolinear MDS codes, asn->oo. 
Now consider the case q = 2. 

Theorem 3. An MDS code M C Q^ 2 JS isotopically transitive if and only if it is isotopic to a 
code defined by the equation system 

Si=i x i = 0; 

where r is a Boolean function of degree at most 2. (Since the arguments Xi are not independent, 
a polynomial representation of r is not unique, and by the degree of r we mean the minimal 
degree among such representations.) 

Proof. By Theorem [21 the MDS code M is isotopically transitive. Let us show that there 
are no other codes. 

An MDS code is called semilinear if it is isotopic to a code @ with an arbitrary r. The 
paper [1] contains a characterization of the MDS codes in Q\. In particular, the following is 
true. 

1) Any non-semilinear MDS code has a subcode of length 4 that is isotopic to 

H = {(xi,x 2 ,x 3 ,x A ) | x\*x 2 = X3OX4}, 

where * and o are group operations equivalent to Z4 with the same identity element but different 
elements of order 2. 

It can be checked directly that the non-semilinear MDS code H is not isotopically transitive. 
Hence, the non-semilinear MDS codes are not isotopically transitive by Proposition [3j 



6 



2) There are 4 isotopy classes of semilinear MDS codes of length 4, with the Boolean functions 



r 1 (xi,x 2 ,x 3 ,x 4 ) = 0, 
r 2 (xi,X2,X 3 ,X 4 ) = xix 2 ©x 3 x 4 , 
r 3 (xi,X2,X3,X 4 ) = XiX 2 , 
r 4 (xi,X2,X3,X 4 ) = XiX 2 X 3 , 

respectively. 

It is not difficult to see that the semilinear MDS code S4 with the function r 4 is not isotopi- 
cally transitive. Any semilinear MDS code with function r of degree at least 3 has a subcode 
isotopic to 5 4 . Hence, such codes are not isotopically transitive by Proposition [3j ▲ 
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